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Wave-particle duality is one of the basic features of quantum mechanics, giving rise to the use of complex
numbers in describing states of quantum systems, their dynamics, and interaction. Since the inception of quan-
tum theory, it has been debated whether complex numbers are actually essential, or whether an alternative
consistent formulation is possible using real numbers only. Here, we attack this long-standing problem both
theoretically and experimentally, using the powerful tools of quantum resource theories. We show that – under
reasonable assumptions – quantum states are easier to create and manipulate if they only have real elements.
This gives an operational meaning to the resource theory of imaginarity, for which we identify and answer sev-
eral important questions. This includes the state-conversion problem for all qubit states and all pure states of
any dimension, and the approximate imaginarity distillation for all quantum states. As an application, we show
that imaginarity plays a crucial role for state discrimination: there exist quantum states which can be perfectly
distinguished via local operations and classical communication, but which cannot be distinguished with any
nonzero probability if one of the parties has no access to imaginarity. This phenomenon proves that complex
numbers are an indispensable part of quantum mechanics, and we also demonstrate it experimentally with linear
optics.
Complex numbers, originated in mathematics, are widely
used in mechanics, electrodynamics, and optics, allowing for
an elegant formulation of the corresponding theory. The rise
of quantum mechanics as a unified picture of waves and parti-
cles further strengthened the prominent role of complex num-
ber in physics. Indeed, the imaginary unit i appears in many
formulas in quantum theory, notably in Schrödinger equation
describing the time evolution of a quantum system, and is of
fundamental importance in quantum physics and quantum in-
formation science.
According to the postulates of quantum mechanics, a state
of a quantum system is described by a wave function Ψ(x) =
|Ψ(x) | e−i φ(x) with probability amplitude |Ψ(x) |2 and phase
φ(x). The wave-based point of view provides an important
set of tools for the formulation and construction of quantum
physics. Therefore it is natural to ask whether the complex
arithmetic in quantum mechanics, arising from the imaginary
part of ei φ is necessary to describe the fundamental proper-
ties and dynamics of a quantum system. In other words, can
quantum physics be restated in a formalism using real num-
bers only? One approach to address this question is to use the
standard rules of quantum mechanics, but to enforce all states
and measurement operators to have real elements only [1–
9]. The aim of this approach is then to find physical effects
and applications, which are possible in standard quantum me-
chanics, but impossible in its version restricted to real num-
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bers [10, 11]. It has been noted that this real-vector-space
quantum theory is fundamentally different from the standard
one from various aspects, e.g., it is bilocally tomographic [3],
a rebit (real qubit) can be maximally entangled with many
rebits [4, 6, 7], and it allows optimal transport of information
from preparation to measurement [8].
Another reason to distinguish between complex and real
quantum states is the effort to establish them in experimen-
tal setups. An important example is polarization-encoded
photonic system, where we can realize an arbitrary rotation
around the y-axis by a single half-wave plate, while for a rota-
tion around the z-axis two additional quarter-wave plates are
needed. The fact that a certain type of transformations is easy
to perform is the basic feature of any quantum resource the-
ory [12–14]. This justifies the study of the resource theory
of imaginarity [15], using the framework of general quantum
resource theories, which has been successfully applied to in-
vestigate basic properties and applications of quantum entan-
glement [16], quantum coherence [17], and quantum thermo-
dynamics [18, 19]. This framework is based on the idea that
there is a restriction on the operations on a quantum system,
dictated by the physical setting. One then studies which con-
versions between states are possible under this restriction.
The aim of this work is twofold. Firstly, we provide the re-
source theory of imaginarity with an operational meaning, dis-
cussing the experimental role of complex and real operations,
i.e., quantum operations which do not create imaginarity. Sec-
ondly, we identify and answer several important questions
within this theory, and provide a concrete experimental appli-
cation with linear optics. This includes the state-conversion
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2problem, namely characterizing the interconversion between
quantum states via real operations. We provide a complete
solution to the single-shot state conversion problem between
single-qubit mixed states. For arbitrary pure states, we eval-
uate the optimal probability of their interconversion. We also
introduce the task of approximate imaginarity distillation, and
present an optimal distillation procedure for all mixed states.
As an application, we show that imaginarity plays a cru-
cial role for local quantum state discrimination, when complex
numbers are allowed in the measurement. We show that there
exist real bipartite states which can be perfectly distinguished
via local operations and classical communication (LOCC), but
which cannot be distinguished with any non-zero probabil-
ity via LOCC restricted to real local measurements. In the
context of quantum tomography, a similar effect has been ob-
served previously in [10]. We provide a theoretical framework
for studying local state discrimination, and find the advantage
of local complex measurements which outperform real local
measurements. By experimentally measuring the optimal dis-
tinguishing probability for different families of mixed states,
our results clearly demonstrate that complex numbers play a
distinguished role in quantum theory, allowing for phenom-
ena which would not be possible with real quantum mechanics
alone.
RESULTS
Resource theory of imaginarity—The first step to formulat-
ing any resource theory is to identify the free states of the the-
ory, i.e. quantum states which, within the theory under study,
can be created at no cost. Similar to the resource theory of
coherence [17, 20], we specify a particular basis {| j〉}, and a
pure quantum state can be written as
|ψ〉 =
∑
j
c j| j〉, (1)
with complex coefficients c j which satisfy
∑
j |c j|2 = 1. The
natural choice for free states in the theory of imaginarity are
real states, i.e., quantum states with all coefficients c j being
real (up to a non-observable overall phase) [15]. Mixed real
states can be identified as convex combinations of real pure
states |ψ j〉,
ρ =
∑
j
p j |ψ j〉〈ψ j|. (2)
The set of all real states will be denoted by R. It can also
be characterized as the set of states with a real density ma-
trix [15].
The formulation of a resource theory is completed by defin-
ing an appropriate set of free operations, corresponding to
physical transformations of the quantum systems which are
easy to implement. In general, quantum operations can be
specified by a set of Kraus operators {K j} satisfying the com-
pleteness relation
∑
j K
†
j K j = 1. In this way, it is guaranteed
that Λ[ρ] =
∑
j K jρK
†
j describes a physical transformation,
which can in principle be realized in nature. In the case of
probabilistic transformations, the Kraus operators satisfy the
more general condition
∑
j K
†
j K j ≤ 1.
As the free operations of imaginarity theory we identify
quantum operations which admit a Kraus decomposition hav-
ing only real elements in the free basis [15]:
〈m |K j | n 〉 ∈ R for all j,m, n. (3)
Such transformations are called real operations [15]. This
definition guarantees that real operations cannot create imagi-
narity, even if interpreted as a general quantum measurement.
In this case, the post-measurement state will be real for any
real initial state, regardless of the measurement outcome.
A desirable feature of a quantum resource theory is the ex-
istence of a golden unit: a quantum state which can be con-
verted into any other state via free operations. In the resource
theory of imaginarity the golden unit is the maximally imag-
inary state |+ˆ〉 = ( |0〉 + i |1〉 )/√2. Interestingly, via real op-
erations it is possible to convert |+ˆ〉 into any state of arbitrary
dimension [15]. Another maximally imaginary state is given
by |−ˆ〉 = ( |0〉 − i |1〉 )/√2. In the Methods Section we discuss
the main features of quantum resource theories, including re-
source quantifiers and state conversion properties under free
operations.
Quantum state conversion—We will now present a com-
plete solution for the conversion problem via real operations
for all qubit states, characterizing when a qubit state ρ can be
converted into another qubit state σ via real operations. To
this end, recall that any single-qubit state can be represented
by a real 3-dimensional Bloch vector. Now, the transition
ρ→ σ is possible via real operations if and only if
s2y ≤ r2y , (4a)
1 − s2z − s2x
s2y
≥ 1 − r
2
z − r2x
r2y
, (4b)
where r and s are the Bloch vectors of the initial and the tar-
get state, respectively. A figure illustrating the set of accessi-
ble states for different initial states is shown in the Methods
Section.
Notably, there exist states σ which cannot be obtained from
a given state ρ via real operations. In this case, it might still
be possible to achieve the conversion probabilistically. In the
following, we present the optimal conversion probability via
real operations for any two pure states.
Theorem 1. The maximum probability for a pure state trans-
formation |ψ〉 → |φ〉 via real operations is given by
P( |ψ〉 → |φ〉 ) = min
{
1 − | 〈ψ∗ |ψ〉 |
1 − | 〈φ∗ | φ〉 | , 1
}
. (5)
The proof of the theorem makes use of properties of general
resource quantifiers, we refer to the Methods Section and Sup-
plemental Material for more details.
Approximate imaginarity distillation—So far we have dis-
cussed exact transformations between quantum states via real
3operations, both deterministically and stochastically. We will
now go one step further, and consider approximate transfor-
mations, in the cases when an exact transformation is impos-
sible. The figure of merit in this case is the transformation
fidelity F(ρ → σ); we refer to the Methods Section for more
details.
Typically, one aims to convert ρ into the most valuable
quantum state, which in the resource theory of imaginarity
is the maximally imaginary state |+ˆ〉. This leads us to the
fidelity of imaginarity, quantifying the maximal fidelity be-
tween a state ρ and the maximally imaginary state, achievable
via real operations: FI(ρ) = F( ρ→ |+ˆ〉 ).
As we will see below, the fidelity of imaginarity is closely
related to the robustness of imaginarity, defined as [15]
IR(ρ) = min
τ
{
s > 0 :
ρ + sτ
1 + s
∈ R
}
, (6)
where τ is a (possibly non-real) quantum state. As we show
in the Supplemental Material, it admits the following closed
formula: IR ( ρ ) = || ρ − ρT ||1/2, where T denotes transposi-
tion and ||M||1 = Tr
√
M†M is the trace norm. More details
on the robustness measure and its role in general quantum re-
source theories are given in the Methods Section. Equipped
with these tools, we are now ready to give a closed expression
for the fidelity of imaginarity.
Theorem 2. For any quantum state ρ the fidelity of imaginar-
ity is given as
FI ( ρ ) =
1 +IR ( ρ )
2
. (7)
This result provides a closed formula for the fidelity of imagi-
narity, quantifying how well a quantum state can be converted
into the maximally imaginary state |+ˆ〉 via real operations.
Applications—We will now discuss applications of imagi-
narity as a resource for discrimination of quantum states and
quantum channels. Channel discrimination can be seen as a
game, where one has access to a “black box” with the promise
that it implements a quantum channel Λ j with probability p j.
The goal of the game is to guess Λ j by applying the black
box to a quantum state ρ, followed up by a suitably chosen
positive operator valued measure (POVM) {M j} which sat-
isfies
∑
j M j = 1, M j ≥ 0. The measurement outcome j
then serves as a basis for guessing that the black box has
implemented the channel Λ j in the corresponding realization
of the experiment. The probability of correctly guessing an
ensemble of channels {p j, Λ j} in this procedure is given by
psucc( ρ, { p j, Λ j }, {M j} ) = ∑ j p j Tr[ M jΛ j (ρ) ].
Recently, it has been shown that any quantum resource pro-
vides an operational advantage in some channel discrimina-
tion task [21, 22]. Specifically, for the resource theory of
imaginarity, it holds that
max
{p j,Λ j}, {M j }
psucc
(
ρ, { p j, Λ j }, {M j }
)
maxσ ∈R psucc
(
σ, { p j, Λ j }, {M j }
) = 1 +IR(ρ).
(8)
Eq. (8) implies that for any quantum state ρ which has non-
real elements there exists a set of channels such that the opti-
mal guessing probability is strictly larger than for any σ ∈ R.
Another, closely related task is quantum state discrimi-
nation [23], where one aims to distinguish between quan-
tum states ρ j, each given with probability p j. To this end,
one performs quantum measurements, described by a POVM
{M j}. The average probability for correctly guessing the state
is psucc( {p j, ρ j}, {M j } ) = ∑ j p j Tr[ M jρ j ]. In general, one
aims to find a strategy {M j} which maximizes the success
probability for a given ensemble of states and probabilities
{p j, ρ j}.
To make the role of imaginarity in this task explicit, we
extend the robustness of imaginarity from states to measure-
ments. To this end, letRM be the set of all real POVMs {M j},
i.e., all M j have only real elements in the fixed basis. We de-
fine the robustness of imaginarity of a measurement {M j} as
IR( {M j } ) = min{N j }
{
t > 0 :
{
M j + tN j
1 + t
}
∈ RM
}
, (9)
where the minimum is taken over all POVMs {N j}. Follow-
ing [22], we find a result analogous to Eq. (8):
max
{ p j, ρ j }
psucc
(
{ p j, ρ j }, {M j }
)
max{ F j } ∈RM psucc
(
{ p j, ρ j }, { F j }
) = 1 +IR( {M j } ).
(10)
For any POVM {M j} which is outside of RM, there exists an
ensemble of states and probabilities {p j, ρ j} leading to a bet-
ter performance of {M j}, when compared to any measurement
with real POVM elements.
Going one step further, we will now show that complex
numbers play an indispensable role in local state discrimina-
tion [10, 24]. Assume that the states to be discriminated are
shared by two distant parties, Alice and Bob. It was shown
in [25] that any pair of pure orthogonal states can be per-
fectly distinguished via local operations and classical commu-
nication (LOCC). To perfectly distinguish the states {ρABj } via
LOCC, there must exist a POVM with elements {M j} of the
form M j =
∑
k A j,k⊗B j,k and the property Tr(M jρABk ) = δ jk for
all j and k. If the states {ρABj } are real, we are particularly inter-
ested in perfect discrimination with local real operations and
classical communication (LRCC), where all A j,k, B j,k must be
real and symmetric. Indeed, if two states are pure, orthogo-
nal, and real, such perfect LRCC discrimination is possible;
see Supplemental Materials for more details.
For some real mixed states, instead, the situation is radically
different. Consider the states
ρAB1 =
1
2
( |φ−〉〈φ−| + |ψ+〉〈ψ+| ) ,
ρAB2 =
1
2
( |φ+〉〈φ+| + |ψ−〉〈ψ−| ) (11)
with the Bell states |φ±〉 = (|00〉 ± |11〉)/√2, and |ψ±〉 =
(|01〉 ± |10〉)/√2. These states can be perfectly distinguished
via LOCC if Alice and Bob perform local measurements in
the
{|+ˆ〉, |−ˆ〉} basis and share their measurement outcomes via
4a classical channel, see Methods Section for more details. On
the other hand, the states (11) cannot be distinguished via
LRCC with any nonzero probability. Too see this, note that
the two states can be written as ρABj = [1 + (−1) jσy ⊗ σy]/4,
and Tr[Sσy] = 0 for any real symmetric 2×2 matrix S . It fol-
lows that for any POVM element M j =
∑
k A j,k ⊗B j,k with real
symmetric matrices A j,k it holds Tr(M jρAB1 ) = Tr(M jρ
AB
2 ) =
Tr(M j)/4.
The states (11) show the role of imaginarity for quantum
state discrimination in an extreme way. The two states are
completely indistinguishable via LRCC, even if we consider
imperfect state discrimination with finite error. It is clear from
the above discussion that this effect is also observed if only
one of the parties is limited to real operations, and the other
party has access to all quantum operations locally. Neverthe-
less, the states can be perfectly distinguished by LOCC, if
both Alice and Bob can perform general quantum measure-
ments locally.
These results further highlight the relevance of complex
numbers in quantum mechanics. Note that the states (11) have
real elements in the computational basis. This means that they
are also valid states in “real quantum theory” [1–9], which is
the restriction of quantum theory to real states and real mea-
surements. In such a theory, two remote parties would not be
able to distinguish these states with any non-zero probability,
whereas they are actually perfectly distinguishable in reality.
Experimental relevance of imaginarity—Here, we perform
a comparison of real operations and general quantum oper-
ations in optical experiments, focusing on the single-photon
interferometer set-up with half-(quarter-) wave plates and po-
larizing beam splitters as the building blocks. Moreover, we
refer to a wave plate with unset optical axis as unset wave
plate. Note that a combination of polarizing beam splitter and
half-wave plate plays a similar role as a variable beamsplit-
ter [26–28]. The details of the analysis are given in the Meth-
ods Section.
Under above assumptions, a real quantum operation acting
on path degree of a d dimensional system can be implemented
with (d6 − d3)/2 unset wave plates, whereas a general quan-
tum operation requires at least d6−1 unset wave plates for the
implementation. We assume that both operations are imple-
mented via a unitary dilation, see Methods Section for more
details. For large d, this implementation allows one to reduce
the number of unset wave plates by a factor of 1/2, if real
operations are used instead of general quantum operations.
Similar results can be found in implementing a real n-
outcome generalized measurement on a single polarization-
encoded qubit [29], when compared to the corresponding gen-
eral qubit measurement. Even in this case, using real measure-
ments instead of general measurements reduces the number of
unset wave plates by 1/2 in the limit of large n.
These results show that real states are easier to create and
real operations are easier to perform when compared to gen-
eral states and operations in a single-photon interferometer
set-up. This justifies the choice of real states (operations) as
the free states (operations) of the resource theory of imaginar-
ity.
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FIG. 1. Experimental protocol. The experiments are carried out
using linear optics. We prepare entangled photon sources and per-
form local projective measurements on each photon, identifying the
successful guessing probability by classical communications.
Experimental local state discrimination—As discussed ear-
lier, imaginarity plays an important role for quantum state dis-
crimination. We devised an experimental setup for local state
discrimination using two entangled photons. The experimen-
tal protocol and setup are shown in Fig. 1. Our setup allows
us to prepare a class of two-qubit states, and determine the
optimal guessing probability under LOCC.
Our experiment consists of two parts. In the first part we
consider the discrimination of the two states in Eq. (11). We
recall that these states can be perfectly distinguished if Alice
and Bob perform local projective measurements in the max-
imally imaginary basis
{|+ˆ〉, |−ˆ〉} and share the outcomes of
their measurement via a classical channel. The experimental
results are shown in Fig. 2 (a). From the experimental data
we obtain P = 0.984 for the success probability [30–32]. To
demonstrate that the states cannot be distinguished if the lo-
cal measurements are real, we also show the experimentally
measured probabilities of the σx and σz measurements. In this
case the output is nearly a uniform distribution. From the right
side of Fig. 2 (a), we extract experimentally determined guess-
ing probabilities under different local Pauli measurements and
classical communications. We can see that imaginarity is nec-
essary in measurement of both subsystems for improving the
guessing probability, since any real projective measurements
can be written as a combination of 1, σx, and σz.
In Fig. 2 (b-e), we show the experimental results for distin-
guishing different families of mixed states. The exact expres-
sion for the states is given in the caption of Fig. 2. All dashed
lines represent theoretically derived maximum probability for
distinguishing the states via local projective measurement and
classical communication; dotted lines represent the aforemen-
tioned probabilities under local real measurements, we refer
to the caption of Fig. 2 and the Supplemental Material for
more details. Note that all states considered here have only
real elements in the computational basis.
These results clearly demonstrate the relevance of imagi-
narity to local state discrimination. The ability to perform
measurements with non-real POVM elements can signifi-
cantly improve the success probability for state discrimina-
tion, even if the states to be distinguished have real density
matrices.
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Real local measurements
FIG. 2. Experimental results for local state discrimination. All discrimination tasks concern output states after some local free operations,
when the initial state is prepared as a Bell state. In (a) we present the probabilities for the extreme examples in Eq. (11), in the standard local
Pauli measurements. The right part of (a) shows the experimentally measured guessing probabilities under different strategies. In (b-e), we
present the experimental results for the local discrimination of different families of real bipartite states. The families of states are defined as
follows: (b) |φ+〉〈φ+|, and [ u|φ+〉〈φ+| + (1 − u)|ψ〉〈ψ| + |φ−〉〈φ−| ] /2, where |ψ〉 = ψ00|00〉 + ψ01|01〉 + ψ10|10〉 + ψ11|11〉 is a non trivial entangled
pure state with ψ00 = −ψ11 ≈ 0.54 and ψ01 = ψ10 ≈ 0.46; (c) p|φ+〉〈φ+|+(1− p)1/4 and (|φ+〉〈φ+|+ |ψ〉〈ψ|+2|φ−〉〈φ−|)/4; (d) (|φ−〉〈φ−|+ |ψ+〉〈ψ+|)/2
and p|φ+〉〈φ+| + (1 − p)14 ; (e) 12 (|φ−〉〈φ−| + |ψ+〉〈ψ+|) and a class of maximally correlated mixed states, with a denoting their purity. Dashed and
dotted lines represent theoretical bounds for guessing probabilities using complex measurements and real measurements, respectively. The
shaded areas represent the advantage of using complex measurements over real ones. We refer to the Supplemental Material for more details.
DISCUSSION
In this work, we investigate the resource theory of imagi-
narity, studying the role of complex numbers in quantum me-
chanics in an operational way. We formulate and completely
solve several questions within this theory, including the deter-
ministic conversion for all qubit states, the probabilistic con-
version for all pure states, and the single-shot imaginarity dis-
tillation for all states of arbitrary dimension.
Our methods can be readily applied to study the role of
complex number in quantum information processing tasks.
We demonstrate this for local state discrimination, where two
remote parties aim to distinguish states by applying local oper-
ations and classical communication. We show – both theoreti-
cally and experimentally – that there exist real quantum states
which can be perfectly distinguished in this setup if imagi-
narity is used in the local measurements. However, when re-
stricting to only real measurements, the states cannot be dis-
tinguished with any nonzero probability. This demonstrates
that complex numbers are an essential ingredient of quantum
mechanics.
The usefulness of complex number in quantum mechanics
is worth an in-depth study also in the light of the recent ad-
vances in quantum technologies. An important example is
quantum computers, which can solve certain problems of in-
terest significantly faster than any classical computer [33, 34].
As of today, the reason for this quantum advantage is not com-
pletely understood, especially when it comes to quantum com-
puters operating on noisy states [35–39]. A quantitative anal-
ysis of imaginarity in quantum computers can shed new light
on the quantum features required for the quantum speedup.
Another promising line of research is the relation between dif-
ferent quantum resources [40–44], which will give us new in-
sights into quantum resource consumption in quantum techno-
logical tasks, such as quantum metrology and quantum com-
munication.
METHODS
Main features of quantum resource theories
One of the main questions in any quantum resource theory
is whether for two given quantum states ρ and σ there exists a
free operation Λ f transforming ρ into σ:
σ = Λ f [ρ]. (12)
The existence of such a transformation immediately implies
that ρ is more resourceful than σ, and in particular
R(ρ) ≥ R(σ) (13)
for any resource measure R.
6If ρ cannot be converted into σ via a free operation, e.g.
if R(ρ) < R(σ), it might still be possible to achieve the con-
version probabilistically, if the corresponding resource theory
allows for stochastic free operations, with free Kraus opera-
tors {K j} such that ∑i K†j K j ≤ 1. The maximal probability for
converting ρ into σ is then defined as
P (ρ→ σ) = max
∑j p j : σ =
∑
j K jρK
†
j∑
j p j
 (14)
with probabilities p j = Tr[K jρK
†
j ], and the maximum is taken
over all (possibly incomplete) sets of free Kraus operators,
i.e.,
∑
i K
†
i Ki ≤ 1. The existence of a deterministic free op-
eration between ρ and σ as in Eq. (12) is then equivalent to
P (ρ→ σ) = 1.
If two states ρ and σ do not allow for deterministic nei-
ther stochastic transformations [i.e., P (ρ→ σ) = 0], there
remains the possibility to perform the transformation approx-
imately. The figure of merit in this case is the maximal trans-
formation fidelity
F(ρ→ σ) = max
Λ f
{
F(Λ f [ρ], σ)
}
, (15)
with fidelity F(ρ, σ) =
(
Tr
√√
ρσ
√
ρ
)2
, and the maximum is
taken over all free operations Λ f .
Any resource measure R is monotonic under free opera-
tions, see Eq. (13). For resource theories which allow for
stochastic conversion, one typically requires a stronger con-
straint on the resource measure, to be monotonic on average
under free operations:
R(ρ) ≥
∑
j
q jR(σ j). (16)
Here, the states σ j arise from ρ by applying a free operation:
σ j = K jρK
†
j /q j with free Kraus operators K j, and q j is the
corresponding probability: q j = Tr[K jρK
†
j ]. Quantifiers sat-
isfying Eq. (16) are also called strong resource monotones. If
R is additionally convex, i.e., R(
∑
j p jρ j) ≤ ∑ j p jR(ρ j), then
strong monotonicity (16) implies the weaker condition (13).
A powerful upper bound on the conversion probability (14)
can be obtained from any resource quantifier which is convex
and strongly monotonic under free operations. For any such
resource quantifier R, it holds [45]:
P (ρ→ σ) ≤ min
{
R(ρ)
R(σ)
, 1
}
. (17)
An important resource quantifier is the robustness with re-
spect to set of free states F :
RF (ρ) = min
τ
{
s > 0 :
ρ + sτ
1 + s
∈ F
}
, (18)
where the minimum is taken over all quantum states τ. For
any quantum resource theory, the robustness is closely related
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FIG. 3. State transformation via real operations for qubit
systems. The plot shows the y-z projections of accessible states
for initial qubit states with Bloch vectors (0, 0.6, 0.4) [blue dot],
(0,−0.7,−√0.51) [green dot], and (0, 1, 0) [red dot]. Note that the
second and third states are pure. The corresponding accessible area
in the y-z plane is shown in blue, green, and red, respectively. The
full accessible area is obtained by rotation around the y-axis.
to the success probability in channel discrimination tasks [21,
22]:
max
{p j,Λ j},{M j}
psucc(ρ, {p j,Λ j}, {M j})
maxσ∈F psucc(σ, {p j,Λ j}, {M j}) = 1 + RF (ρ). (19)
Eq. (19) implies that for any resource state ρ (i.e. a quantum
state which is not element of F ) there exist a set of channels
{Λ j} and a probability distribution {p j} such that the optimal
guessing probability is strictly larger than for any σ ∈ F .
State transformations via real operations
For single-qubit states, possible transformations via real op-
erations are fully characterized by Eqs. (4). The proof of this
result makes use of methods developed earlier within the re-
source theory of quantum coherence [46–48], and more de-
tails can be found in the Supplemental Material. In Fig. 3 we
show the y-z-projection of the accessible region for three dif-
ferent initial states. The complete region can be obtained by
rotation around the y-axis.
The proof of Theorem 1 for probabilistic conversion of pure
states makes use of properties of resource monotones and their
relation to conversion probability in Eq. (17). We refer to Sup-
plemental Materials for more details.
7Role of real operations in optical experiments
In standard linear optics using the polarization and path de-
grees of freedom of photons, real operations can be imple-
mented more economically, compared to general quantum op-
erations. We begin with a simple observation, that implement-
ing a general unitary on photon polarization requires to con-
trol at least 3 wave plates (this is due to a qubit unitary being
specified by 3 parameters), whereas only one half-wave plate
is needed if the unitary has only real components, e.g., rotation
about the y-axis. As pointed out before, when restricting the
optical elements to half (quarter)-wave plates, a rotation about
the z-axis needs two additional quarter-wave plates compared
to a rotation about the y-axis. This observation is the first ev-
idence that the set of real operations is potentially easier to
implement in terms of the number of optical elements, com-
pared to the set of complex quantum operations.
We then consider single-qubit measurement with n out-
comes. As illustrated in Fig. 4, any such measurement can
be implemented with 8n − 5 unset wave plates. If n = 2, we
have two Kraus operators K0 and K1 with
K†1 K1 = 1 − K†0 K0. (20)
By singular value decomposition, there are unitaries Ui and
Vi such that K j = U jS jV j, and S j are diagonal matrices with
nonnegative entries. By Eq. (20) we obtain
V†1 S
2
1V1 = V
†
0 (1 − S 20)V0, (21)
which implies that V0 = V1 and S 1 = (1 − S 20)1/2. In sum-
mary, a general two-outcome measurement can be performed
by applying a unitary V0, followed by a two-outcome mea-
surement with diagonal Kraus operators S 0 and S 1, and —
depending on the measurement outcome — completed by a
conditional unitary U0 or U1. A setup realizing this proce-
dure on photon polarization is shown in Fig. 4. The unitaries
V0, U0, and U1 on the polarization-encoded qubit can be re-
alized by 3 wave plates per unitary, while the measurement
with diagonal Kraus operators {S 0, S 1} can be realized with 3
beam displacers and 5 wave plates, of which 2 are unset. This
amounts to 11 unset wave plates in total. By using the same
procedure repeatedly, this setup can be extended to n Kraus
operators, see also [49]. For each additional Kraus operator
we need 8 unset wave plates, giving 8n − 5 unset wave plates
in total, as claimed.
If all Kraus operators are real, fewer wave plates are
needed. This can be seen from the fact that the singular value
decomposition of each K j can be done with real U j and V j.
Thus, a real measurement with two outcomes can be imple-
mented with 5 unset wave plates, and each additional real
Kraus operator requires 4 additional wave plates, see also
Fig. 4. The number 4n − 3 is optimal, since it corresponds
to the number of independent real parameters for n real Kraus
operators. Compared to 8n− 5 unset wave plates for a general
n-outcome measurement via the method presented above, in
the limit n→ ∞ we can save approximately half of the optical
elements if we restrict ourselves to real measurements.
Real Complex
……
K 0
K1
K2
Kn-2
Kn-1
PBS
S j
FIG. 4. Linear optical implementation of real and general qubit
operations with polarized photons. Green and yellow plates rep-
resent unset wave plates (WP), while gray ones represent fixed wave
plates that we don’t need to control. Thin strips denote beamsplitters
which can separate the horizontally polarized photons from verti-
cally polarized ones. Round nodes represent orthogonal or unitary
operations, and boxes represent the operations S j, which have two
outcomes. For general real operations we only need to control half-
wave plates, while for complex ones we have to add quarter-wave
plates for manipulating the imaginary part of the photonic states.
For implementing a real operation of arbitrary dimension,
fewer optical elements are needed compared with the corre-
sponding number for a general quantum operation, due to the
upper bound of number of parameters to specify these oper-
ations. Note that every real operation acting on a system of
dimension d has a real dilation [15]:
ΛARO[ρ
A] = TrB
[
OAB
(
ρA ⊗ |0〉〈0|B
)
OTAB
]
, (22)
where OAB is a d3 × d3 real orthogonal matrix. Correspond-
ingly, a general quantum operation admits a dilation with a
general d3×d3 unitary matrix. Implementing an m×m unitary
in path degree requires at least m2−1 unset wave plates, corre-
sponding to the number of real parameters of the unitary. On
the other hand, a real orthogonal matrix can be decomposed
into (m2 − m)/2 real orthogonal matrices, each acting on two
levels. Since a real orthogonal two-level matrix can be imple-
mented with a single wave plate, any real orthogonal m × m
matrix can be implemented by using (m2 − m)/2 unset wave
plates. Thus, implementing a real operation can be achieved
with (d6 − d3)/2 unset wave plates. Instead, implementing a
general quantum operation in the same way requires at least
d6 − 1 unset wave plates. For large d, restricting ourselves
to real operations reduces the number of unset wave plates by
1/2, when compared to the number of wave plates for a gen-
eral quantum operations implemented via a unitary dilation.
Imaginarity in local state discrimination
For two mixed states ρAB1 and ρ
AB
2 to be perfectly distin-
guishable via LOCC, there must exist a POVM with elements
8{M1,M2} of the form
M j =
∑
k
A j,k ⊗ B j,k (23)
with Hermitian A j,k and B j,k, and moreover
Tr
[
M1ρAB1
]
= Tr
[
M2ρAB2
]
= 1, (24a)
Tr
[
M1ρAB2
]
= Tr
[
M2ρAB1
]
= 0. (24b)
Correspondingly, if the states are distinguishable via LRCC,
A j,k and B j,k must be real and symmetric.
The states in Eq. (11) are distinguishable via LOCC if Alice
and Bob perform local measurements in the
{|+ˆ〉, |−ˆ〉} basis
and share their measurement outcomes via a classical channel.
The corresponding POVM elements are given as
M1 = |+ˆ〉〈+ˆ| ⊗ |+ˆ〉〈+ˆ| + |−ˆ〉〈−ˆ| ⊗ |−ˆ〉〈−ˆ|, (25a)
M2 = |+ˆ〉〈+ˆ| ⊗ |−ˆ〉〈−ˆ| + |−ˆ〉〈−ˆ| ⊗ |+ˆ〉〈+ˆ|. (25b)
We verify that Eqs. (24) are satisfied, implying that this
POVM perfectly disctiminates the states (11). As is explained
in the main text, the states (11) cannot be distriminated via
LRCC with any non-zero probability.
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SUPPLEMENTAL MATERIAL
A. Proof of Eqs. (4)
Here we will study deterministic state conversion via real
operations, resorting to the large amount of tools developed
within the resource theory of coherence [17]. To use this
analogy in an optimal way, we introduce a new set of oper-
ations, which we term y-z-preserving operations and denote
by Λyz. They correspond to single-qubit quantum operations
which map the y-z plane of the Bloch space onto itself, i.e., if
a state ρ has a Bloch vector in the y-z plane, then Λyz[ρ] also
has this property. In the same way, x-z-preserving operations
map the set of real states onto itself. Similarly, z-preserving
operations map diagonal states onto diagonal states, thus cor-
responding to maximally incoherent operations (MIO) [50].
In the following we will prove two lemmas, thus demon-
strating a close relation between the resource theories of co-
herence and imaginarity.
Lemma 1. Let ρr and σr be qubit states with Bloch vectors
in the x-z plane. If there exists a y-z-preserving operation Λyz
such that Λyz[ρr] = σr, there also exists a z-preserving opera-
tion Λz such that Λz[ρr] = σr.
Proof. Since Λyz is y-z preserving, it converts both states |0〉
and |1〉 into states µ0 and µ1 with Bloch vectors in the y-z
plane, i.e., µ0 and µ1 have purely imaginary off-diagonal ele-
ments. This implies that any convex combination of |0〉 and
|1〉 is also converted into a state with purely imaginary off-
diagonal elements.
Let now {K j} be the Kraus operators of Λyz. We introduce
another transformation
Λ′(ρ) =
∑
j
L jρL
†
j (26)
with Kraus operators L j = K∗j . It is straightforward to verify
that {L j} is indeed a valid set of Kraus operators:∑
j
L†j L j =
∑
j
(
K∗j
)†
K∗j =
∑
j
KTj K
∗
j =
∑
j
(
K†j K j
)∗
= 1.
(27)
Moreover, when applied to any state τr in the x-z plane, we
obtain
Λ′(τr) =
∑
j
K∗jτrK
T
j =
∑
j
K jτrK
†
j
∗ = [Λyz(τr)]T , (28)
where in the last step we used the fact that Λyz(τr) is Hermi-
tian. It follows that
Λ′[ρr] = σr, (29a)
Λ′[|0〉〈0|] = µT0 , (29b)
Λ′[|1〉〈1|] = µT1 . (29c)
In the next step, we introduce the transformation
Λ˜(ρ) =
1
2
Λyz(ρ) +
1
2
Λ′(ρ). (30)
Recalling that the states µ0 and µ1 have purely imaginary off-
diagonal elements, we further obtain
Λ˜[ρr] = σr, (31a)
Λ˜[|0〉〈0|] = 1
2
(
µ0 + µ
T
0
)
=
∑
j
〈 j|µ0| j〉| j〉〈 j|, (31b)
Λ˜[|1〉〈1|] = 1
2
(
µ1 + µ
T
1
)
=
∑
j
〈 j|µ1| j〉| j〉〈 j|. (31c)
This implies that Λ˜ is a z-preserving operation transforming
ρr onto σr. 
In the next step, we will use Lemma 1 to characterize the
set of real states achievable from a given real state ρ via y-z-
preserving operations.
Lemma 2. Let ρr and σr be qubit states in the x-z plane of the
Bloch sphere. Then, there exists a y-z-preserving operation
such that σr = Λyz[ρr] if and only if
s2x ≤ r2x , (32)
1 − s2z
s2x
≥ 1 − r
2
z
r2x
, (33)
where r and s denote the Bloch vectors of ρr and σr, respec-
tively.
Proof. We will first prove that a y-z-preserving operation vi-
olating Eq. (32) and/or Eq. (33) does not exist. Assume – by
contradiction – that there exists a y-z-preserving operation vi-
olating Eq. (32) and/or Eq. (33). Then, by Lemma 1 there
must also exist a z-preserving (i.e. MIO) operation such that
σr = ΛMIO[ρr]. Such a transformation does not exist due to
results in [46–48].
We will now show that a y-z-preserving operation exists if
Eqs. (32) and (33) are fulfilled. Note that σz and any rota-
tion around the x-axis are y-z-preserving operations. Thus, we
can restrict ourselves to the positive part of the Bloch space,
i.e., all Bloch coordinates considered in the following are non-
negative. Moreover, we are interested in the boundary of the
achievable region, characterized by the maximal sx for a given
sz.
If sz > rz, Eq. (33) guarantees that Eq. (32) is satisfied.
A y-z-preserving operation fulfilling Eq. (33) with equality is
given by the Kraus operators
K1 =
(
a1 0
0 b1
)
, K2 =
(
0 b2
a2 0
)
, (34)
where the parameters ai and bi are chosen as
a1 = cos
θ − ν
2
, a2 = sin
θ − ν
2
, (35a)
b1 = sin
θ + ν
2
, b2 = cos
θ + ν
2
, (35b)
with ν = arctan[rz tan θ] and parameter θ is in the range [0, pi2 ].
By varying θ it is possible to attain any value for sz in the
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range [rz, 1]. This proves that for sz > rz the boundary of the
achievable region is characterzied by Eq. (33).
For sz ≤ rz Eq. (32) ensures that Eq. (33) is fulfilled. The
boundary of the achievable region is then obtained by the y-z-
preserving operation
Λ[ρ] = (1 − p)ρ + pσxρσx (36)
with p in the range [0, 1/2]. This proves that for sz ≤ rz the
boundary of the achievable region is determined by Eq. (32).

Equipped with these results, we are now ready to prove
Eqs. (4) of the main text. Since rotations around the y-axis
correspond to real unitaries, we can without loss of generality
assume that the initial and the final state have Bloch vectors
in the y-z plane. It is thus enough to prove the statement for
s2y ≤ r2y (37a)
1 − s2z
s2y
≥ 1 − r
2
z
r2y
. (37b)
The proof of the theorem now directly follows from Lemma 2
by symmetry, exchanging the x and y directions.
B. Proof of Theorem 1
The proof will use properties of pure states within imagi-
narity theory (see Section D) and geometric imaginarity Ig
(see Section E). Since Ig is a strong imaginarity monotone,
the transition probability P(ρ → σ) is bounded as [see also
Eq. (17) in the main text]:
P(ρ→ σ) ≤ Ig(ρ)
Ig(σ)
. (38)
In the case of pure states we can use the results from Section E
to obtain
P(|ψ〉 → |φ〉) ≤ 1 − |〈ψ
∗|ψ〉|
1 − |〈φ∗|φ〉| . (39)
We will now consider the case
|〈ψ∗|ψ〉| ≥ |〈φ∗|φ〉|, (40)
and show that there exists a real operation saturating the
bound (39). To see this, we first apply a real orthogonal trans-
formation to the state |ψ〉, bringing it into the form
|ψ′〉 =
√
1 + |〈ψ∗|ψ〉|
2
|0〉 + i
√
1 − |〈ψ∗|ψ〉|
2
|1〉, (41)
see Section D. Then, we apply a real operation with the Kraus
operators
K0 =
(
a 0
0 1
)
, K1 =
√
1 − K20 , (42)
where a is defined as
a =
√
1 − |〈ψ∗|ψ〉|
1 − |〈φ∗|φ〉| ×
1 + |〈φ∗|φ〉|
1 + |〈ψ∗|ψ〉| . (43)
Note that a ≤ 1 by Eq. (40). As it can be verified by inspec-
tion, the Kraus operator K0 transforms |ψ′〉 into the state
|φ′〉 =
√
1 + |〈φ∗|φ〉|
2
|0〉 + i
√
1 − |〈φ∗|φ〉|
2
|1〉, (44)
with probability
p =
1 − |〈ψ∗|ψ〉|
1 − |〈φ∗|φ〉| . (45)
Note that |φ′〉 is equivalent to the desired state |φ〉 up to a real
orthogonal transformation, see Section D.
For the remaining case |〈ψ∗|ψ〉| < |〈φ∗|φ〉|, the transforma-
tion |ψ〉 → |φ〉 can be achieved with unit probability [15].
C. Proof of Theorem 2
We will now prove that for any quantum state ρ the fidelity
of imaginarity can be written as
FI(ρ) =
1
2
[1 +IR(ρ)]. (46)
Here, IR is the robustness of imaginarity, defined as
IR(ρ) = min
τ
{
s > 0 :
ρ + sτ
1 + s
∈ R
}
, (47)
where the minimum is taken over all quantum states τ.
From the definition of IR, we can write ρ as
ρ = [1 +IR(ρ)]δ −IR(ρ)τ, (48)
with some quantum state τ and a real state δ. By applying a
real operation Λ on both sides we obtain
〈+ˆ|Λ(ρ)|+ˆ〉 = [1+IR(ρ)]〈+ˆ|Λ(δ)|+ˆ〉−IR(ρ)〈+ˆ|Λ(τ)|+ˆ〉. (49)
Since Λ is a real operation, we have Λ(δ) ∈ R. Noting that
for any real state δ ∈ R it holds that 〈+ˆ|δ|+ˆ〉 ≤ 12 , we have
〈+ˆ|Λ(δ)|+ˆ〉 ≤ 1
2
, (50)
which proves the bound
〈+ˆ|Λ(ρ)|+ˆ〉 ≤ 1
2
[1 +IR(ρ)]. (51)
We will now show that this bound is achievable by a real
operation Λ. Given a general quantum state, it is always pos-
sible to decompose it as [15]
ρ = Re(ρ) + i Im(ρ), (52)
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where Re(ρ) = 12 (ρ + ρ
T ) is a real quantum state and Im(ρ) =
1
2i (ρ−ρT ) is a real anti-symmetric matrix. By spectral theorem
Im(ρ) has an even rank 2r and there is a real orthogonal matrix
O such that OIm (ρ)OT is block-diagonal [51, p. 136]:
O Im ρOT = 0d−2r
r⊕
k=1
λk
(
0 1
−1 0
)
, (53)
where λk > 0.
If the dimension is even, we now define a real operation Λ
via the real Kraus operators
Km = |1〉〈2m| + |0〉〈2m + 1|, m = 0, 1, . . . , d/2 − 1. (54)
For odd dimension, the Kraus operators Km are defined in the
same way for m ≤ bd/2c − 1, and we further define
Kbd/2c = |0〉〈d − 1|. (55)
Let now O be a real orthogonal matrix such that O Im(ρ)OT
is block-diagonal as in Eq. (53). We see that Λ[O Re(ρ)OT ] is
a real single-qubit state, which implies that
〈+ˆ|Λ[O Re(ρ)OT ]|+ˆ〉 = 1
2
. (56)
Moreover, we have
Λ[OIm(ρ)OT ] =
bd/2c−1∑
m=0
λm
 (|1〉〈0| − |0〉〈1|) . (57)
The fidelity of the final state with the maximally imaginary
state can now be evaluated as follows:
〈+ˆ|Λ[OρOT ]|+ˆ〉 = 〈+ˆ|Λ[O Re(ρ)OT ]|+ˆ〉 (58)
+ i〈+ˆ|Λ[O Im(ρ)OT ]|+ˆ〉
=
1
2
(1 + 2
∑
m
λm).
To complete the proof, note that the robustness of imaginarity
can be expressed as (see Section F)
IR(ρ) =
1
2
||ρ − ρT ||1 = || Im(ρ)||1 = 2
∑
m
λm. (59)
Using this result in Eq. (58), we obtain
〈+ˆ|Λ[OρOT ]|+ˆ〉 = 1
2
[1 +IR(ρ)]. (60)
In summary, we proved that the fidelity 〈+ˆ|Λ(ρ)|+ˆ〉 is upper-
bounded by Eq. (51), and that this upper bound is achievable
for any state ρ with a suitably chosen real operation Λ. This
completes the proof of the theorem.
D. Pure states in imaginarity theory
We will now show that in the resource theory of imaginarity
any pure state can be expressed in a simple form. Recalling
that the definition of imaginarity is basis dependent, we define
complex conjugation of a state |ψ〉 as follows:
|ψ∗〉 =
∑
j
c∗j | j〉, (61)
where {| j〉} is the reference basis, and c j = 〈 j|ψ〉. The states
|ψ〉 and |ψ∗〉 can also be expressed as
|ψ〉 = a|γ1〉 + ib|γ2〉, (62a)
|ψ∗〉 = a|γ1〉 − ib|γ2〉, (62b)
where a and b are real numbers with a2 + b2 = 1, and |γi〉 are
real states. Equipped with these tools, we are now ready to
prove the following proposition.
Proposition 1. For any pure state |ψ〉 there exists a real or-
thogonal matrix O such that
O|ψ〉 =
√
1 + |〈ψ∗|ψ〉|
2
|0〉 + i
√
1 − |〈ψ∗|ψ〉|
2
|1〉. (63)
Proof. In the first step, note that for any two real states |γ1〉
and |γ2〉 there exists a real orthogonal matrix O such that
O|γ1〉 = |0〉, (64)
O|γ2〉 = cos θ|0〉 + sin θ|1〉, (65)
where cos θ = 〈γ1|γ2〉. Applying O to the state |ψ〉 gives us
O|ψ〉 = (a + ib cos θ)|0〉 + ib sin θ|1〉. (66)
Since the state O|ψ〉 is effectively a single-qubit state, we can
associate a Bloch vector r with it, with coordinates
rx = b2 sin(2θ),
ry = 2ab sin(θ), (67)
rz = a2 + b2 cos(2θ).
Let now O′ be a real orthogonal transformation, such that
the Bloch vector s of the state O′O|ψ〉 is in the positive y-
z plane. Since |s| = 1, we can give the coordinates of s as
follows:
sx = 0, sy = |ry|, (68)
sz =
√
1 − r2y =
√
1 − 4a2b2 + 4a2b2 cos2 θ.
From Eqs. (62) we further obtain
a|γ1〉 = |ψ〉 + |ψ
∗〉
2
, (69a)
b|γ2〉 = |ψ〉 − |ψ
∗〉
2i
. (69b)
These results allow us to express a2 and b2 as
a2 =
∣∣∣∣∣ |ψ〉 + |ψ∗〉2
∣∣∣∣∣2 = 14(2 + 〈ψ∗|ψ〉 + 〈ψ|ψ∗〉), (70)
b2 =
∣∣∣∣∣ |ψ〉 − |ψ∗〉2i
∣∣∣∣∣2 = 14(2 − 〈ψ∗|ψ〉 − 〈ψ|ψ∗〉). (71)
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Recalling that cos θ = 〈γ1|γ2〉 we arrive at
ab cos θ = ab〈γ1|γ2〉 = 14i (〈ψ
∗|ψ〉 − 〈ψ|ψ∗〉). (72)
Using these results, we can simplify Eqs. (68) as follows:
sx = 0, sy =
√
1 − |〈ψ∗|ψ〉|2, sz = |〈ψ∗|ψ〉|. (73)
The pure state corresponding to the Bloch vector s is given by
Eq. (63). 
E. Geometric imaginarity
For a pure state |ψ〉 we define the geometric imaginarity as
Ig(|ψ〉) = 1 − max|φ〉∈R |〈φ|ψ〉|
2. (74)
In the following proposition we give a closed expression for
the geometric imaginarity of pure states.
Proposition 2. The geometric imaginarity of a pure state |ψ〉
is given as
Ig(|ψ〉) = 1 − |〈ψ
∗|ψ〉|
2
. (75)
Proof. By definition, geometric imaginarity is invariant under
real orthogonal transformations. Using Proposition 1 it fol-
lows that
Ig(|ψ〉) = Ig

√
1 + |〈ψ∗|ψ〉|
2
|0〉 + i
√
1 − |〈ψ∗|ψ〉|
2
|1〉
 .
(76)
To complete the proof, we will now evaluate Ig for any state
of the form
|µ〉 = a0|0〉 + ia1|1〉 (77)
with a0 ≥ a1 ≥ 0 and a20 + a21 = 1. For any real state |ν〉 =∑
j b j| j〉 we have
|〈ν|µ〉|2 = |a0b0 + ia1b1|2 = a20b20 + a21b21 ≤ a20, (78)
where the inequality follows from the fact that
∑
j b2j = 1.
Since |〈0|µ〉|2 = a20, we conclude that
max
|ν〉∈R
|〈ν|µ〉|2 = a20, (79)
and thus Ig(|µ〉) = a21. 
For mixed states, we define Ig as the minimal average
imaginarity, minimized over all decompositions of the state:
Ig(ρ) = min
∑
j
p jIg(|ψ j〉). (80)
From the definition we see that Ig is convex:
Ig
∑
j
p jρ j
 ≤∑
j
p jIg(ρ j). (81)
We will now prove that geometric imaginarity does not in-
crease under real operations on average, i.e.,∑
j
q jIg(σ j) ≤ Ig(ρ), (82)
where the probabilities q j and states σ j are obtained from ρ
by means of a real operation, i.e.,
q j = Tr[K jρK
†
j ], (83a)
σ j =
K jρK
†
j
q j
(83b)
with real Kraus operators K j.
To prove Eq. (82) in general, we will first prove it for pure
states. By Proposition 1, it is enough to prove it for states
|α〉 = cosα|0〉 + i sinα|1〉 with α ∈ [0, pi/4], for which the
geometric imaginarity is given by Ig(|α〉) = sin2 α. For a
pure initial state, all post-measurement states σ j are also pure.
Thus, proving Eq. (82) for pure states reduces to proving the
inequality ∑
j
max
|φ j〉∈R
|〈φ j|K j|α〉|2 ≥ cos2 α, (84)
where {K j} is a set of real Kraus operators. To prove Eq. (84),
we first note that
∑
j
max
|φ j〉∈R
|〈φ j|K j|α〉|2 ≥
∑
j
|〈0|KTj K j|α〉|2
s j
, (85)
where we introduced
s j = 〈0|KTj K j|0〉. (86)
Recalling that all Kraus operators K j are real and using the
explicit form of |α〉 we obtain
|〈0|KTj K j|α〉|2 = |〈0|KTj K j|0〉|2 cos2 α (87)
+ |〈0|KTj K j|1〉|2 sin2 α
≥ |〈0|KTj K j|0〉|2 cos2 α,
which further implies that
∑
j
max
|φ j〉∈R
|〈φ j|K j|α〉|2 ≥
∑
j
|〈0|KTj K j|0〉|2
s j
cos2 α. (88)
Using the definition of s j in Eq. (86) and the fact that∑
j KTj K j = 1, we obtain the desired inequality (84).
The above arguments prove that Ig satisfies Eq. (82) when
ρ is pure. To extend this result to mixed states, consider an op-
timal decomposition of a mixed state ρ =
∑
j p j|ψ j〉〈ψ j|, such
that
Ig(ρ) =
∑
j
p jIg(|ψ j〉). (89)
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Introducing the quantity s jk = 〈ψk |KTj K j|ψk〉 we obtain∑
j
q jIg
K jρKTjq j
 = ∑
j
q jIg
∑
k
pk
K j|ψk〉〈ψk |KTj
q j

=
∑
j
q jIg
∑
k
pk s jk
q j
×
K j|ψk〉〈ψk |KTj
s jk

≤
∑
j,k
pk s jkIg
K j|ψk〉〈ψk |KTjs jk

≤
∑
j
p jIg(|ψ j〉) = Ig(ρ), (90)
where in the first inequality we used the facts that Ig is con-
vex. This completes the proof of Eq. (82) for all mixed states.
F. Robustness of imaginarity
We recall that the robustness of imaginarity is defined as
IR(ρ) = min
τ
{
s > 0 :
ρ + sτ
1 + s
∈ R
}
, (91)
where the minimum is taken over all quantum states τ. The
following proposition gives a closed expression for the robust-
ness of imaginarity of any quantum state ρ.
Proposition 3. The robustness of imaginarity is equal to
IR(ρ) =
1
2
‖ρ − ρT ‖1. (92)
Proof. Let τ∗ be a quantum state achieving the minimum in
Eq. (91). Then, the matrix ρ +IR(ρ)τ∗ is real and Hermitian,
and thus
ρ +IR(ρ)τ∗ = ρT +IR(ρ)(τ∗)T . (93)
We can now obtain a lower bound on the robustness of imagi-
narity as follows:
‖ρ − ρT ‖1 = IR(ρ)‖(τ∗)T − τ∗‖1 ≤ 2IR(ρ), (94)
where we used the fact that ‖(τ∗)T−τ∗‖1 ≤ ‖(τ∗)T ‖1+‖τ∗‖1 = 2.
Thus, we have the bound
IR(ρ) ≥ 12 ‖ρ − ρ
T ‖1. (95)
To complete the proof, we will present a state τ∗ such that
ρ+ sτ∗ is a real matrix with s = 12‖ρ− ρT ‖1. To see this, recall
that there exists a real orthogonal matrix O such that O Im ρOT
is block-diagonal as in Eq. (53) with coefficients λm ≥ 0. If
the dimension of the Hilbert space is even, we define τ∗ to be
a block-diagonal matrix of the form
τ∗ =
1
2
∑
m λm
OT

λ1 −iλi
iλ1 λ1
λ2 −iλ2
iλ2 λ2
. . .
λk −iλk
iλk λk

O.
(96)
Note that ρ + 2
∑
m λmτ
∗ is a real matrix, and moreover
1
2
‖ρ − ρT ‖1 = ‖ Im ρ‖1 = 2
∑
m
λm. (97)
This completes the proof for Hilbert space with even dimen-
sion. For odd dimension, the proof follows the same lines of
reasoning, if we define the state τ∗ as
τ∗ =
1
2
∑
m λm
OT

λ1 −iλi 0
iλ1 λ1 0
λ2 −iλ2 0
iλ2 λ2 0
. . .
...
λk −iλk 0
iλk λk 0
0 0 0 0 · · · 0 0 0

O.
(98)
This completes the proof of the proposition. 
For single-qubit states with Bloch vector r = (rx, ry, rz) the
robustness of imaginarity simplifies to IR(ρ) = |ry|.
G. Proof of Eq. (17)
Let {Kn} be a (possibly incomplete) set of Kraus operators
which transform ρ to σ:
σ =
∑
n KnρK
†
n
Tr
[∑
n KnρK
†
n
] . (99)
We further introduce Kraus operators {Lm}which complete the
set {Kn}, i.e., ∑
n
K†n Kn +
∑
m
L†mLm = 1. (100)
We define the probabilities
pn = Tr[KnρK†n ], (101)
qm = Tr[LmρL†m], (102)
and post-measurement states
σn =
KnρK
†
n
pn
, (103)
τm =
LmρL
†
m
qm
. (104)
In general it holds that P(ρ → σ) ≥ ∑n pn, and there exists
a set of free Kraus operators {Kn} saturating this inequality.
In the following, we assume that this is the case, i.e., P(ρ →
σ) =
∑
n pn. Using convexity and strong monotonicity of R it
follows that
R(ρ) ≥
∑
n
pnR(σn) +
∑
m
qmR(τm) ≥
∑
n
pnR(σn)
= P(ρ→ σ)
∑
n
pn
P(ρ→ σ)R(σn)
≥ P(ρ→ σ)R(σ). (105)
This completes the proof.
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H. Decomposing real orthogonal unitaries into two-level
transformations
It is well known that any m×m unitary matrix can be written
as a product of at most m(m − 1)/2 unitary matrices acting on
two levels only. We will now show that a similar result also
holds for real orthogonal matrices.
Proposition 4. Any m×m real orthogonal matrix can be writ-
ten as a product of at most m(m − 1)/2 two-level real orthog-
onal matrices.
Proof. The proof follows the same arguments as for unitary
matrices, see e.g. [52, p. 189]. There, an explicit construction
is presented for decomposing an m × m unitary matrix U into
m(m − 1)/2 two-level unitaries. If U is additionally real, all
two-level unitaries constructed in the proof are also real. 
I. Discrimination of bipartite real states
Any two orthogonal pure states |ψ〉AB and |φ〉AB can be per-
fectly distinguished via LOCC [25]. We will now show that
if the two states are additionally real, the task can be achieved
with local real operations and classical communication.
Proposition 5. Two real orthogonal pure quantum states
|ψ〉AB and |φ〉AB can be perfectly distinguished via local real
operations and classical communication.
Proof. The proof follows similar lines of reasoning as in
Ref. [25]. Any two real pure states can be expanded as
|ψ〉AB =
d−1∑
j=0
| j〉|a j〉, (106a)
|φ〉AB =
d−1∑
j=0
| j〉|b j〉, (106b)
where |a j〉 and |b j〉 are (unnormalized) real states and d = dA
is Alice’s dimension. Without loss of generality we assume
that dA ≤ dB, where dB is Bob’s dimension.
We now consider the matrix C with elements
C jk = 〈a j|bk〉. (107)
Since |ψ〉AB and |φ〉AB are orthogonal, we have
Tr C = 0. (108)
If we apply a real orthogonal matrix O on Alice’s side, the two
states are transformed as
(O ⊗ 1)|ψ〉AB =
d−1∑
k=0
|k〉
d−1∑
j=0
Ok j|a j〉, (109a)
(O ⊗ 1)|φ〉AB =
d−1∑
k=0
|k〉
d−1∑
j=0
Ok j|b j〉. (109b)
If now Alice applies a local von Neumann measurement in
the computational basis, Bob is left with a (possibly unnor-
malized) state of the form
|a˜k〉 =
∑
j
Ok j|a j〉 or |b˜k〉 =
∑
j
Ok j|b j〉. (110)
This allows us to define a matrix C˜ as follows:
C˜mn = 〈a˜m|b˜n〉 =
∑
kl
Omk〈ak |bl〉Onl =
∑
kl
OmkCkl(OT )ln,
(111)
so we have C˜ = OCOT .
In the next step we will show that there exists a real orthog-
onal matrix O such that all diagonal elements of C˜ become
zero. This will complete the proof: if Alice applies O locally
and performs a von Neumann measurement in the computa-
tional basis, Bob will find his system either in the state |a˜ j〉 or
|b˜ j〉. Bob can distinguish these states perfectly, since
C˜ j j = 〈a˜ j|b˜ j〉 = 0. (112)
Note that for any 2 × 2 real matrix C, there always exists
a real orthogonal 2 × 2 matrix O such that the diagonal ele-
ments of OCOT are equal to each other. Assume now that the
dimension of Alice is a power of 2, i.e., dA = 2k. This implies
that C is a 2k×2k real matrix. Our goal is to make all the diag-
onal elements of C zero by applying two-level real orthogonal
rotations. Recalling that the trace of C is zero, our goal can be
achieved by making all the diagonal elements equal.
To this end, we first group all diagonal elements of C into
2k−1 pairs and apply 2k−1 real orthogonal transformations,
each acting on two levels. In this way we can obtain a new
matrix C′ with the property Tr C′ = Tr C and the diagonal el-
ements of C′ are pairwise equal. Consider now two pairs of
diagonal elements, e.g.
C′00 = C
′
11, C
′
22 = C
′
33. (113)
We can now apply two real orthogonal transformations, one
acting on levels 0 and 2, and the other acting on levels 1 and
3. In this way, with a suitable choice of real orthogonal trans-
formations, we can obtain a new matrix C′′ with the properties
Tr C′′ = Tr C and
C′′00 = C
′′
11 = C
′′
22 = C
′′
33. (114)
Proceeding in this way, we can make all diagonal elements
equal to zero. This completes the proof for the case that the
dimension of Alice’s system is a power of 2.
If the dimension of Alice’s system is not a power of 2, we
can extend the dimension of Alice to be of the form 2k, thus
extending the correlation matrix C with additional rows and
columns having zero in all entries. All parts of the proof re-
main the same, which proves the statement for any dimension
of Alice. 
J. Experimental details
The experimental setup contains two modules: a state
preparation and a measurement module. In the state prepa-
ration module, we can prepare several classes of two-photon
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FIG. 5. Experimental setup for preparing two-photon Werner
states. A two-photon entangled pure states |HH〉+ |VV〉 is generated
via a SPDC process, following a unbalanced interferometer (light
blue region). The optical elements are: WP, wave plate; BBO, β-
BaB2O4; IF, interference filter; AA, adjustable aperture; BS, beam
splitter; M, mirror; QP, quartz plate.
states. In particular, we can prepare all Bell states |φ±〉,
|ψ±〉, Werner states p|φ+〉〈φ+| + (1 − p)14 , mixed two-qubit
states u|φ+〉〈φ+|+ (1−u)|ψ〉〈ψ|, and maximally correlated states
w|φ+〉〈φ+| + (1 − w)|φ−〉〈φ−|. Fig. 5 illustrates the methods for
experimentally generating Werner states, which can also be
used to generate the four Bell states [45, 53]. Specifically, to
generate |φ±〉, we need to drop the unbalanced interferometer
(UI) part (the light blue region in Fig. 5), and set the angle of
the wave plate (WP@404 nm) to 50 ± 22.5◦. To prepare |ψ±〉,
we need an additional wave plate in one of the arms to flip one
of the photonic states.
To generate Werner states
ρp = p|φ+〉〈φ+| + (1 − p)14 , (115)
we make use of a technology named unbalanced Mach-
Zehnder interferometer (the light blue region in Fig. 5), which
is implemented on one of the entangled photon pairs. We use
a variation of the technology presented in [45, 53, 54], with
the parameter p controlled by adjusting two apertures in the
UI.
To prepare the two-photon states 12 (u|φ+〉〈φ+|+(1−u)|ψ〉〈ψ|+|φ−〉〈φ−|), we use the ensemble average of a two-photon mixed
state u|φ+〉〈φ+|+ (1−u)|ψ〉〈ψ| and a pure state |φ−〉. The prepa-
ration of u|φ+〉〈φ+| + (1 − u)|ψ〉〈ψ| and maximally correlated
states is realized by placing adjustable quartz plates (QP) in
either optical path (see Fig. 6). We first introduce the meth-
ods for preparing the former one. The two-qubit state can be
written as
ρ2 = p|φ+〉〈φ+| + (1 − p)O˜|φ+〉〈φ+|O˜T , (116)
where O˜ = o˜⊗1 is some orthogonal matrix, o˜ = R−1(θ)σzR(θ),
and R(θ) is a 2-dimensional rotation. Thus we can write
WP
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FIG. 6. Experimental setup to prepare other classes of two-
photon mixed states. The preparations of u|φ+〉〈φ+| + (1 − u)|ψ〉〈ψ|
and maximally correlated states are shown.
Eq. (116) as
ρ2 = R−1(θ)
[
p|φ˜+〉〈φ˜+| + (1 − p)σz|φ˜+〉〈φ˜+|σz
]
R(θ), (117)
where |φ˜+〉〈φ˜+| = R(θ)|φ+〉〈φ+|R−1(θ).
Note that p(·) + (1 − p)σz · σz is the decoherence map.
Then by Eq. (117), it is obvious that u|φ+〉〈φ+| + (1 − u)|ψ〉〈ψ|
can be realized by implementing a rotated local decoherence
map on one subsystem. In particular, this is done by placing
QPs in either path with rotation angles set to around 20◦, af-
ter preparing a maximally entangled state |φ+〉. We can use
similar methods to prepare the maximally correlated states by
placing QPs with rotation angles set to 0◦.
In the task of local state discrimination, we have to distin-
guish some mixed states by local projective measurements and
classical communication. Because all the states to be distin-
guished are mixtures of several pure entangled states, we can
either directly prepare them or use averages over ensembles
of pure states.
The measurement module can perform all projective qubit
measurements and produce corresponding coincident out-
comes. In particular, we experimentally prepare the two bipar-
tite states separately and compare the measurement outcomes.
Here, we consider only projective measurements producing
four outcomes experimentally; however, the results can be
generalized to non-projective measurements. Let us consider
two projective measurements along α and β on Alice’s and
Bob’s system, respectively, where α and β are directions in
the Bloch ball. Recall that any bipartite state of two qubits
can be written as
ρAB =
1
4
1 + ∑
j
a jσAj ⊗1B + 1A⊗
∑
j
b jσBj +
∑
jk
E jkσAj ⊗σBk
 .
(118)
There are four possible outcomes ++, +−, −+, −− for the two
projective measurements. The probability for each outcome
reads
Pma,mb =
1
4
[
1 + maα · a + mbβ · b + mambβT · (ETα)
]
,
(119)
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where a = (a1, a2, a3), b = (b1, b2, b3), as in Eq. (118), and
ma = ±1, mb = ±1 denote measurement outcomes. The prob-
ability of distinguishing two states {p, ρAB} and { p˜, ρ˜AB} under
measurements along a and b is given by
psucc =
+,+∑
j=−,k=−
max
{
pP jk, p˜P˜ jk
}
, (120)
which can be evaluated as
psucc =
1
2
+,+∑
j=−,k=−
(
pP jk + p˜P˜ jk +
∣∣∣pP jk − p˜P˜ jk∣∣∣) . (121)
Substituting into Eq. (118) we obtain
psucc =
1
2
+
1
8
∣∣∣α · δa + β · δb + βT · (∆ETα)∣∣∣
+
1
8
∣∣∣α · δa − β · δb − βT · (∆ETα)∣∣∣
+
1
8
∣∣∣α · δa − β · δb + βT · (∆ETα)∣∣∣ (122)
+
1
8
∣∣∣α · δa + β · δb − βT · (∆ETα)∣∣∣
where δa = pa − p˜a˜, δb = pb − p˜b˜ and ∆ET = pET −
p˜E˜T . Note that in our experiments, we have δa = δb = 0
theoretically. Then psucc = [1 + |βT · (∆ETα)|]/2. Thus ideally
the maximum distinguishing probability is given by
psucc =
1
2
+
(∆E)m
2
, (123)
where (∆E)m is the maximum singular value of ∆ET .
For bipartite real states, we can write ∆ET as
∆ET =
 exx 0 exz0 eyy 0
ezx 0 ezz
 ; (124)
moreover, if both Alice and Bob can only use “real” measure-
ment, then αy = βy = 0. The maximum guessing probabil-
ity is determined according to the maximum singular value of(
exx exz
ezx ezz
)
, which we denote as (∆e)m. When eyy > (∆e)m, any
non-zero amount of imaginarity in local measurement results
in an advantage over all real measurements.
In our experiments, we measured the maximum success
probabilities for four class of mixed states,
(i) |φ〉〈φ|AB = |φ+〉〈φ+|,
ρAB2 =
1
2
[
u|φ+〉〈φ+| + (1 − u)|ψ〉〈ψ| + |φ−〉〈φ−| ] ,
(ii) ρAB1 = p|φ+〉〈φ+| + (1 − p)
1
4
,
ρAB2 =
1
4
( |φ+〉〈φ+| + |ψ〉〈ψ| + 2|φ−〉〈φ−| ),
(iii) ρAB1 =
1
2
( |φ−〉〈φ−| + |ψ+〉〈ψ+| ), (125)
ρAB2 = p|φ+〉〈φ+| + (1 − p)
1
4
,
(iv) ρAB1 =
1
2
( |φ−〉〈φ−| + |ψ+〉〈ψ+| ),
ρAB2 =
1
2
(1 +
√
2a − 1)|φ+〉〈φ+| + 1
2
(1 − √2a − 1)|φ−〉〈φ−|,
where |ψ〉 = ψ00|00〉 + ψ01|01〉 + ψ10|10〉 + ψ11|11〉 is a non-
trivial entangled pure state with ψ00 = −ψ11 ≈ 0.54 and ψ01 =
ψ10 ≈ 0.46, and the parameter a denotes the purity of the state
ρAB2 .
For the states in (i), we can theoretically calculate the max-
imum guessing probability under local projective measure-
ments and classical communications, which turns out to be
psucc = 1 − u4 . (126)
When restricted to real measurements, the maximum guessing
probability is
1
8
{
6 − p +
√
2 + (−1) 49 − (−1) 59 + p
[
−2 − (−1) 49 + (−1) 59
]
+ p2
}
(127)
which is less than 1 − u/4. Here we used the principal value
of the complex powers of −1. For the states in (ii), the the-
oretically calculated maximum guessing probability is given
by
psucc =
5
8
+
p
4
, (128)
but, for
p <
1
8
[
−1 +
√
5 + 4 sin
pi
18
]
, (129)
measurements with imaginary part will not provide any ad-
vantage.
Then for the states in (iii), maximum guessing probability
is given by
psucc =
p
4
+
3
4
, (130)
while for real measurements, the upper bound is given by
p/4 + 1/2.
Finally for the states in (iv), we can theoretically obtain the
maximum guessing probability as
psucc =
3
4
+
√
2a − 1
4
, (131)
where a represents purity. For real measurements the proba-
bility can be evaluated as 3/4.
